We address the existence of solutions for the free-surface Euler equation with surface tension in a bounded domain. Considering the problem in Lagrangian variables we provide a priori estimates leading to existence of local solutions with initial data in H 3.5 .
Introduction
In this paper, we address the local existence of solutions to the 3D free-surface incompressible Euler equations ∂ t u + u · ∇u + ∇p = 0 in Ω(t) (1.1)
While in the zero surface tension case the problem is known to be unstable, and thus the RayleighTaylor stability condition has to be imposed, this is not necessary when the surface tension is nonzero since the surface tension provides a stabilizing effect close to the boundary.
We may divide the existing results of the rotational case, i.e., when the vorticity is nontrivial, into the Eulerian approach and the Lagrangian one. In the Eulerian approach, Schweitzer has obtained in [S] a local existence result with initial velocity in H 4.5 and with a smallness assumption on the height of the interface. The primary tools in [S] are tangential and time differentiation, up to order three. In [CoS1] , Coutand and Shkoller used the Lagrangian formulation to obtain the local existence with initial data in H 4.5 . The method used by Coutand and Shkoller is, as in [S] , differentiation in space and time up to three times; however, the Lagrangian approach allowed to bypass the smallness assumption on the initial surface. We would like to stress that simple integrations by parts are not by themselves sufficient to close the estimates; additional care, including a careful treatment of the vorticity and the pressure equations, is necessary to close the estimates. In addition, in [S] , a harmonic change of variables was used to overcome a lack of 1/2 derivative in the estimates resulting from tangential and time differentiation.
In [SZ1] the authors employ ideas inspired by the geometrical description of Euler flows as geodesics on the infinite dimensional group of volume preserving diffeomorphisms to obtain conditional a priori energy estimates for the solutions when the initial velocity belongs to H 3 . They also provide estimates which are uniform in surface tension, if additionally a Raleigh-Taylor condition is satisfied. Recently, in [DE1, DE2] , using a different method, the authors established the local existence when the initial velocity belongs to H 3.5+ǫ for every ǫ > 0.
Our goal is to revisit the Lagrangian approach to the free-surface rotational Euler equations and provide a priori estimates leading to local existence in H 3.5 , lowering the regularity requirements from [CoS1] and [S] . While the basic framework still involves time and tangential differentiation used in [CoS1, S] , we introduce two improvements which allow us to lower the required regularity. The first improvement is the use of Cauchy invariance [Ca, C1, C2, FV, Lic, SZ2] recently used in the zero surface tension case in [KTV, KTVW] . The second improvement is a simple and direct treatment of the pressure, employing the Laplace problem with Neumann boundary conditions. Before discussing the organization of the paper, we briefly recall the history of free surface Euler equation problems. Early works on the free surface Euler equations involve results on small analytic data [N, Y1, Cr] . The important work [B] considered the viscous case, employing a Lagrangian setup, subsequently used in many works on the inviscid problem. In [W1, W2] Wu obtained existence of solutions of the free surface Euler equations in 2D and 3D cases respectively, both addressing irrotational, no surface-tension cases. Positive surface tension was considered by Ambrose and Masmoudi in [AM1, AM2] , who also studied the zero surface tension limit. The works [S, CoS1, SZ1] then constructed local solutions for the nonzero-surface tension Euler equations; cf. also works [KPW, PSW, PSZ, T, XZ] for the positive surface-tension Navier-Stokes system. For other works on the zero-surface tension case, see [ABZ2, AD, BHL, CCFGG, CLa, CoS2, CL, E, I, KT1, KT2, L, Li1, Li2, N, Sh, Y2, ZZ] , for other works on non-zero surface tension, cf. [ABZ1, OT] while for for global existence of solutions, see [GMS, HIT, IT, IP, W3] . The paper is organized as follows. In Section 2, we introduce the Lagrangian setting of the problem and state the main result, Theorem 2.1. Section 3 contains a preliminary lemma containing a priori estimates on the Lagrangian map η and the cofactor matrix a. Section 4 contains the proof of the main statement. It is subdivided into four subsections containing the v ttt , v tt , v t estimates, and the div-curl estimate. In the final section, we collect all the available inequalities and apply the Gronwall lemma.
The main result
We consider the 3D Euler equation in the Lagrangian framework over a fixed domain Ω. Let η(·, t) : Ω → Ω(t) be the flow map under which the initial domain configuration Ω evolves with time, such that Ω(t) = η(Ω, t). For simplicity, we assume that the initial domain Ω is flat, i.e.,
with periodic boundary conditions with period 1 in the lateral directions. We denote the top of Ω (corresponding to the free-surface) by
and the stationary bottom by
Then the incompressible Euler equation has the form
where v(x, t) = η t (x, t) = u(η(x, t), t) and q(x, t) = p(η(x, t), t) denote the Lagrangian velocity and the pressure of the fluid over the initial domain Ω. The dynamics of the Lagrangian matrix a(x, t) = [∇η(x, t)] −1 and the flow map η(x, t) are described by the ODEs
where the symbol : denotes the matrix multiplication, with the initial conditions
in Ω. The condition (2.6) can be written in coordinates as
We assume v · N = 0 on Γ 0 × (0, T ) and . Note that we have set the surface tension to be 1, for simplicity.
We now state the main result of this paper.
and η ∈ C([0, T ]; H 3.5 (Ω)).
Preliminary results
In this section, we give formal a priori estimates on time derivatives of the unknown functions needed in the proof of Theorem 2.1. We begin with an auxiliary result providing bounds on the flow map η and the matrix a.
where C is a sufficiently large constant, the following statements hold:
In particular, the form a
for all t ∈ [0, T * ] and x ∈ Ω, provided ǫ ≤ 1/C with C sufficiently large.
Above and in the sequel, if the domain of the norm is not specified, it is understood to be Ω.
Proof of Lemma 3.1. The assertion (i) follows immediately from (2.7), while for (ii), we have by (2.6)
and (ii) is obtained by using the Gronwall lemma, provided T ≤ 1/CM . Next, (2.6) implies
using (ii) in the last inequality. The inequality (v) is proved analogously, using the Sobolev multiplicative inequality instead of (3.5). The estimates (iv), (vi) are proven similarly. For (viii), we write
where j, k ∈ {1, 2, 3}. Therefore,
The estimate (3.1) then follows if CM 2 T 2 ≤ ǫ. The other assertions in (viii) are obtained analogously.
In order to estimate the second derivative of the pressure, we need the following regularity lemma for an elliptic equation with Neumann boundary condition in a smooth (bounded) domain Ω. Assume that
for all x ∈ Ω and ξ ∈ R n , where n ∈ {2, 3, . . .}.
Lemma 3.2.
[C3] Let q be an H 1 solution of the
where π, div π ∈ L 2 (Ω) and g ∈ H −1/2 (∂Ω) with the compatibility condition
where ǫ 0 > 0 is a sufficiently small constant depending on M , then we have
The existence of solutions of this problem under the given conditions has been established in [AGG] . However, we believe that the inequality (3.12), which does not contain the L 2 -norm of div π, is new.
Proof of Lemma 3.2. First, using (3.8)-(3.9), we have
and thus
(3.14)
Using the Cauchy-Schwarz inequality, we obtain
Next, we aim to improve this inequality by estimating the L 2 -norm of q. For this purpose, for every
Note that, by the energy inequality,
Since ∂ φ f /∂N = 0 on ∂Ω, we have Ω q∆ φ f + Ω ∇q · ∇ φ f = 0 and thus
In order to estimate Ω ∇q · ∇ φ f , we write
Using (3.15) on the first term, we get
Combining (3.23) and (3.24) and then choosing ǫ 0 sufficiently small then leads to (3.12).
Now, let Ω be as in (2.1), and let q be as in Lemma 3.2. In order to bound |q|, let H be a solution of the Dirichlet/Neumann problem ∆H = 1 in Ω (3.25)
which combined with (3.12) leads to
for solutions of the problem (3.8)-(3.9) under given boundedness and ellipticity conditions. The bounds on the pressure and its derivatives are obtained by solving a linear elliptic equation with Neumann boundary conditions. Lemma 3.3. Assume that (v, q, a, η) solves the system (2.4)-(2.11) for a given coefficient matrix a ∈ H 2.5 (Ω) satisfying (i)-(viii) from Lemma 3.1, with a sufficiently small constant ǫ = 1/C. Then the
holds for all t ∈ (0, T ). Moreover, the time derivatives q t and q tt satisfy
for all t ∈ (0, T ), where T ≤ 1/CM for a sufficiently large constant C.
Proof. Applying the Lagrangian divergence to the evolution equation (2.4) leads to
In order to obtain the boundary condition for q, we multiply the equation (2.4) with a m i N m and sum. We get
which holds on Γ 0 ∪ Γ 1 . As in [CoS1, Lemma 12.1, p . 866], we have a regularity estimate for
which reads
and is valid for s ≥ 2, with the constant C depending on s. Using (3.29), we then get
for any s ≥ 2. We use this estimate with
In order to obtain (3.31), we apply the estimate (3.38) with s = 3.5. We thus have
and, similarly,
by using (3.1), (3.2) and part (v) from Lemma 3.1. Also,
Next, for q t we apply (3.38) for the time differentiated problem (3.36) with s = 2.5. We get
where we utilized the multiplicative Sobolev inequality and the parts (ii), (vi), and (viii) from Lemma 3.1.
As in (3.43), we have
Lastly, we consider the twice differentiated in time system (3.34). First, we rewrite it as
while the boundary condition (3.35) is
The twice differentiated system then reads
with the boundary condition
Applying the inequality (3.30), we obtain
In order to estimate the last term I 5 in (3.50), we use (2.11), which, when rewritten as
Therefore,
by Lemma 3.1. Using (3.45) and (3.52)
(3.54)
In order to estimate the first term on the far right side, we use
Replacing this inequality in (3.54), we get
(3.56)
In order to bound I 4 , we write
the last inequality following from ∂ m (a m i v i ) = 0. Therefore,
The third term on the far right side is then estimated as
and (3.33) follows.
Local in time solutions
4.1 L 2 estimate on v ttt Applying ∂ 3 t to (2.4), multiplying the resulting equation by v ttt , and integrating in space and time gives
where we utilized the Piola identity
In order to bound the integral on the right side, we integrate by parts,
Since v 3 = 0 on Γ 0 , we have∂v 3 = 0, where∂ Thus, for the boundary term in (4.3), we obtain
(4.6) by using (2.7), (2.11), and integrating by parts in the tangential direction. Now, we bound the second integral
Using the incompressibility condition to write
we get
For I 211 we integrate by parts in time:
Integrating by parts
tt q ttt in space, we have
where we used (4.2). Observe that
by using (2.6) in the first and (2.11) in the second equality; also note that the integral over Γ 0 vanishes.
Integrating by parts in the tangential directions, we obtain
while the lower order terms are bounded as
(4.14)
Next, integrating by parts in time gives
By (2.6) and integrating by parts in time we have
Until the end of this paper, we denote by R the remainder terms. In (4.16), the lower order terms are of the form t 0 (a tt ∇va + a t ∇va t + a t ∇v t a)∇vq ttt , (4.17) (written in a symbolic way, omitting all the indices) which can be bounded by
after integrating by parts in time. Integrating by parts in space, the leading term of (4.16) becomes
where we have omitted the term when the j-th derivatives fall on a j i which equals to zero by (4.2). First, observe that the boundary term I 2134 can be treated exactly as I 2121 above. Now, using a
, we write
while
Note that the lower order term I 2133 is also bounded by the right side of (4.21). For I 22 we integrate by parts in space
We denote the first boundary term in I 221 by I 2211 . The other two terms in I 221 are easy to bound. Integrating by parts in the tangential directions, we get
which after an additional integration by parts in time leads to
Thus,
Next, for I 23 we proceed as in I 22 by first integrating by parts in space 26) where the remainder term
is bounded by
The first boundary term on the far right sides in (4.26) can be bounded similarly as I 2211 above, by integrating by parts in time. We omit further details.
Lastly, we consider I 24 . We use that (a
, where the lower order terms are of the form a tt ∇va, a t ∇v t a, a t ∇va t (and the resulting integrals are clearly easy to bound).
Thus, we estimate only the leading term in I 24 . We have (4.29) and observe that
Hence,
Therefore, we conclude
Applying ∂ m ∂ 2 t to the equation (2.4), multiplying by ∂ m v tt , summing for m = 1, 2, and integrating in space and time, we get (4.33) indices in m with m = 1, 2 (while other indices are still summed for 1, 2, 3). Note that the remainder term R on the right of (4.33) is bounded by
Now, we integrate by parts in the higher order term
For I 1 , the integral over Γ 0 vanishes, while on Γ 1 we use
and rewrite the second term) and get 
Thus, we obtain
We conclude Applying ∂ lm ∂ t to (2.4), multiplying by ∂ lm v t , summing for l, m = 1, 2, and integrating in space and time, we get 42) where the lower order terms on the right are bounded by
integrating by parts, we get similarly as in the previous section
where (4.44) and, by using the divergence free condition,
Div-curl estimates
We use the elliptic estimate (cf. [CoS1, CS] )
. By (4.47) with s = 1.5, we have
where we also used v 3 tt = 0 on Γ 0 . Similarly, applying (4.47) with s = 2.5 and s = 3.5 respectively, we have v t H 2.5 ≤ C v t L 2 + C curl v t H 1.5 + C div v t H 1.5 + C v (4.50)
The first term on the right side of (4.48) (same for (4.49) and (4.50)) is of lower order and can be written as Differentiating (4.60), using (2.7), and rearranging the terms in the equality, we obtain
Then, we may write Combining all the estimates, we obtain a Gronwall type inequality yielding the a priori estimates for the local in time existence.
